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Abstract: We demonstrate the existence of the nilpotent and absolutely an- 
ticommuting Becchi-Rouet-Stora-Tyutin (ERST) and anti-BRST symmetry 
transformations for the four (3 + l)-dimensional (4D) topologically mas- 
sive Abehan U{1) gauge theory that is described by the coupled Lagrangian 
densities (which incorporate the celebrated {B AF) term). The absolute an- 
ticommutativity of the (anti-) ERST symmetry transformations is ensured 
by the existence of a Curci-Ferrari type restriction that emerges from the 
superfield formalism as well as from the equations of motion that are derived 
from the above coupled Lagrangian densities. We show the invariance of 
the action from the point of view of the symmetry considerations as well as 
superfield formulation. We discuss, furthermore, the topological term within 
the framework of superfield formalism and provide the geometrical meaning 
of its invariance under the (anti-) BRST symmetry transformations. 
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1. Introduction 



A couple of decisive mathematical features, that arc closely connected with 
the basic concepts of Becchi-Rouet-Stora-Tyutin (BRST) formalism [1-4], are 

(i) the nilpotency (s^^^;, = 0, Q^^^^i, = 0) of the (anti-) BRST symmetry 
transformations {s(a)b) and their corresponding generators {Q{a)b), and 

(ii) the absolute anticommutativity {sbSab+SabSb — 0, QbQab+QabQb — 0) 
of the (anti-) BRST symmetry transformations S(^a)b (in their operator form) 
and the generators Q(a)b which generate the transformations S(^a)b- 

The former mathematical property physically implies the fermionic nature 
of S(a)b (as well as Q(a)b) and the latter property encodes the linear indepen- 
dence of Sb vis-a-vis Sab (and Qi, versus Qab)- These mathematical properties 
are very sacrosanct and they must be obeyed in the BRST description of any 
arbitrary gauge/reparametrization invariant theories. 

The role of the BRST formalism is quite significant in the description of 
the non-Abelian 1-form gauge theories which are at the heart of theoretical 
foundations of the standard model of high energy physics. Despite stunning 
success stories associated with the standard model, its shortcomings are the 
detection of the mass of the neutrino and no experimental evidence for the 
Higgs boson (so far!). One of the roles of the Higgs particle is to generate 
suitable masses for the gauge particles and fermions. Thus, its detection is 
very crucial for the sanctity of the theoretical foundations of the standard 
model. Since the esoteric Higgs bosons have not yet been seen experimen- 
tally, some alternative models have been proposed for the mass generation, 
symmetry breaking, etc. One of the alternate models, for the mass genera- 
tion of the gauge fields, is the inclusion of the topological {B A F) term in the 
Lagrangian density of the 1-form and 2-form (non-) Abelian gauge theories 
where the mass generation of the 1-form gauge boson is very natural [5-8] . 

The 2-form [B^"^^ = {l/2\){dx^ A dx'')B^,^] antisymmetric tensor gauge 
field Bj^i, [9,10] has become quite popular because of its relevance in the 
context of superstring [11,12] and supregravity theories [13]. Besides being 
a theoretical generahzation of the 1-form gauge field [14], it provides the 
field theoretic models for the Hodge theory [15-17] and it is also relevant in 
the context of condensed matter physics [18]. Its constraint structures [19], 
BRST quantization scheme [20-22], etc., have been studied. These studies 
have led to some novel features (that are found to be absent in the study of 1- 
form (non-) Abelian gauge theories). Thus, the (non-) Abehan 2-form gauge 
field is endowed with a very rich mathematical and theoretical structures. 

In our present endeavor, we focus on the gauge theory of the Abelian 
1-form and 2-form gauge fields that are coupled with each-other through the 
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famous {B A F) term. In fact, in the presence of the {B A F) term, we study 
the present (4D topological massive Abelian U{1) gauge) model within the 
framework of BRST formalism. We promote the gauge symmetry of the 
theory to the off-shell nilpotent and absolutely anticommuting (anti-) BRST 
symmetry transformations where the basic tenets of the BRST formalism are 
fully respected. We find some novel features in our study. These are 

(i) the existence of the coupled Lagrangian densities for the description 
of an Abelian gauge theory that incorporates the Abelian 1-form and 2-form 
gauge fields together with the topological term. This observation is novel in 
the sense that it is very similar to the case of the non- Abelian 1-form gauge 
theory where such a kind of Lagrangian densities do exist [23,24], 

(ii) the derivation of the Curci-Ferrari (CF) type restriction from the 
coupled Lagrangian densities as well as from the supcrficid approach to BRST 
formalism. This aspect of our present Abelian theory is exactly same as the 
one observed in the case of non- Abelian 1-form gauge theory [23,24] (where, 
for the first time, CF condition appeared [25]), and 

(iii) the interpretation of the topological (B A F) term within the frame- 
work of the supcrfield approach to BRST formalism and its geometrical mean- 
ing vis-a-vis the rest of the terms of the theory. 

The key factors that have contributed to our main motivation for present 
investigation are as follows. First and foremost, the BRST construction, for 
our present model, has been found to be endowed with the BRST symmetries 
that are non-nilpotent (see, e.g. [26]). Thus, it is an interesting endeavor for 
us to obtain the symmetries that obey the key requirements of the BRST 
formalism. Second, we demonstrate that our present model is described 
by a coupled set of Lagrangian densities due to the existence of CF-type 
restriction. Third, it is important for us to check the relevance of our earlier 
work [27] in the context of our present model which is more general than 
the BRST description of the free Abelian 2-form gauge theory. Fourth, our 
present 4D theory provides a field theoretic model where the superfield and 
Lagrangian approaches to the BRST formalism blend together in a useful 
and clarifying manner. Finally, the non-Abelian generalization of the present 
model has been a topic of intense research for quite sometime [8,28,29]. We 
wish to generalize our present model to the non-Abelian case by exploiting 
the superfield formalism proposed by Bonora, etal. [30,31]. 

Our present paper is organized as follows. In Sec. 2, we discuss about 
the gauge symmetries and constraint structures of the 4D massive Abelian 
U{1) gauge theory. Our Sec. 3 is devoted to the discussion of the on-shell 
nilpotent BRST and anti-BRST symmetry transformations for a single La- 
grangian density and we demonstrate that these transformations are non- 
anticommuting in nature. In Sec. 4, we provide a brief synopsis of the 
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superfield approach to derive the proper and precise (anti-) BRST symme- 
try transformations. In Sees. 5 and 6, we dwell a bit on the (anti-) BRST 
invariance of the present theory within the frameworks of the Lagrangian 
and superfield formalisms, respectively. Finally, we make some concluding 
remarks and point out a few future directions in Sec. 7. 

2. Preliminaries: gauge symmetries and constraints 

We begin with the Lagrangian density of a massive gauge invariant Abelian 
model in four (3 -|- l)-dimensions of spacetime. This Lagrangian density 
incorporates the celebrated topological (B A F) term as given belo'vvll] 

1 1 rn 

Co = -- F^'^ F,, + - H'^'^^ H,,, + - e^''^^ F,, B,,, (1) 

where the totally antisymmetric quantities F^^ = d^Ay — d^A^ and H^ur, = 
d^Bi^ri + dyBrifj, + driBfj^iy are the curvature tensors owing their origin to 2-form 
= rfA(i) = ^ {dxf' A dx'')F^y and 3-form i/^^) _ ^^(2) ^ i. (^^^ a 
dx'^ A dx^)H^,^ri, respectively. Here d = dx^ (9^j (with rf^ = 0) is the exterior 
derivative and 1-form A^^^ = dx^A^ and 2-form B^'^^ = ^ (dx^ A dx'^) B^,^ 
define the Abelian 4-vector (A^) and second rank anti-symmetric {B^j^^, = 
—By^) tensor {B^^) gauge fields. It is clear that the parameter 'm' has the 
dimension of mass in the physical four dimensions of spacetime. 

The above Lagrangian density transforms to a total spacetime derivative 
(i.e. (5(gf) Cq = dn[m e'^'^^'^Ay (S^A^)]) under the following infinitesimal gauge 
transformational ^(gt) (with gauge parameter A and A^) 

6(gt)A^ = (9^A, S{gt)B^y = d^Ay - d^Af,. (2) 

Thus, the action Sq = J d^x Cq remains invariant under the infinitesimal 
gauge transformations (2). It is straightforward to check that the following 
Euler-Lagrange equations of motion 

= i m e'^-'^^d.Br,^, d.H^''^ = ^ m e'^^'^'^F,., (3) 

^We adopt here the flat metric (77^,^) with signatures (+1, —1, —1, —1) so that P ■ Q = 
rjf^yP^Q'^ = PqQq — PiQi is the dot product between two non-nuU vectors P^ and where 
H, J/, 77, K, .... = 0, 1, 2, 3 correspond to the spacetime directions and i, j, fc, .... = 1, 2, 3 stand 
for the space directions only. We make the choice £0123 = +1 = —e^^'^^ for the totally 
antisymmetric Levi-Civita tensor (e^,y,,K) that obeys e^i/,,K£^'"''' = —4!, e^unK^^"^'^ — 
—3! 5^, etc. The component eoijfc — ^ijk is the 3D Levi-Civita tensor. 

^Note that the Lagrangian density Cq respects a couple of independent gauge symmetry 
transformations: (i) A'^ = A^, Bi^,y = B^,y + (9^A^ - 9^A^), and (ii) 

^ A'^ = A^j^ + d^A, Bfj_y — > B'^^ = B^j_y. For the sake of generality, however, we have 
taken the combination of these two transformations together in (2). 
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emerge from the Lagrangian density (1). The components of the conjugate 
momenta with respect to the vector field and tensor field Bf^^: 

^th = 0, n;^) = ^H'^^, (4) 

ensure that n°^^ 0, n°^^ Ki are the primary constraints on the theory. 
As a consequence, the equations of motion with respect to Ao field and Boi 
field (see, e.g. [32] for details): 



djHoij + ^rn eijkFjk = 2 djU\f^ + 2 ^ijkFjk ~ 0, (5) 

lead to the derivation of the secondary constraints on the theory. The above 
primary and secondary constraints are the first-class constraints in the lan- 
guage of Dirac's prescription for the classification scheme [33,34]. 

The continuous gauge symmetry transformations (2) lead to the deriva- 
tion of the Noether conserved current as given below: 

Jigt) ^'^''^ {d^mv- - F"" + H^""" d^Arj - m e^'^^^K (9,^,), (6) 

because d^J^^^-^ = when we exploit the Euler- Lagrange equations of motion 
(3). The conserved charge (i.e. = / (Px J^gt^) 

Q{gt) = j d^x (^Foi -]^m eijkBjk^ 9j A + 2 Hj^^^ (diAj) + m e^-fe A^ (9^^^)] 

= j Sx [nj^) {dik) + 2 n;^^) (a,A,) + m e,,-, a, (^,.4^)] , (7) 

generates the following transformations with the help of (11) (see below) 
5{gt)Ai = -i [Ai, (5(gt)] = 9iA, 

^{9t)Bij = -i [Bij, Q{gt)\ = dih.j - djAi. (8) 

Thus, the Noether conserved charge Q{gt) does not generate all the trans- 
formations for all the components of the field. For instance, we can never 
be able to obtain the transformations for the components Aq and Boi of the 
1-form and 2-form gauge fields, respectively, from the above charge Q{gt) ■ 
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The basic tenet of gauge theory ensures that all the gauge transformations 
should be generated by the first-class constraints of the theory [35]. Such, a 
generator (G), in terms of the above first-class constraints, ic| 

G = j d?x [(9oA) n?^) + A (9,nJ^) + (9oA. - 9,Ao) Yifj,^ 

+ {d,K,-d,k,)Ii%^. (9) 

The above generator leads to the derivation of (2) if we exploit the following 
general rule for the transformation of the generic field namely; 

5(,t)<l> = -I [$, G], $ = (10) 

supplemented with the following canonical commutation relations 

[Ao(x,t), n°^)(y,t)] = a(3)(x-y), 

[A,(x,t), nj^)(y,t)] = i5l5^'\-K-y), 
[i?o.(x,t), n°^)(y,t)] = a^-5(=^)(x-y), 

[i?,,(x,t), nf],)(y,t)] = ^ (5f - 5^ 5|) 5(3) (x - y), (11) 

and all the rest of the brackets should be taken to be zero. 

At this stage, a couple of key points are to be noted. First, neither the 
conserved charge Q{gt) nor the generator G produces the residual symme- 
try transformatioro that is present in the gauge transformations 5(^gt)B^^ = 
d^Ai, — duAfj_ when A^ — )• A^ + d^u. Second, according to the Dirac's pre- 
scription for the quantization of system with constraints, we must demand 
that the physical states of the theory should be annihilated by the first-class 
constraints (and the ensuing conditions should remain invariant with respect 
to the time evolution of the system). We do not obtain these conditions from 
Q{gt) and G (unless we impose the same, by hand, from outside). 

The resolutions of these important issues could be addressed within the 
framework of BRST formalism. This is what precisely we envisage to do 
in our forthcoming sections. We also comment on various subtle issues that 



■^It will be noted that one of the secondary constramts (cf. (5)) includes the topological 
term ^^meijkFjk^ as well. However, this term does not generate any transformation. Thus, 
we have not incorporated this term in the expression for G so that we could get a compact 
and simple form of G. In principle, this term should be present in our expression for G. 

^In other words, if we assume that the gauge parameter is a field that transforms as 
Suj = dj^iUj under a residual gauge transformation J^j, then also, the Lagrangian density 
remains invariant. We shall see later that the parameter A^t would be identified with the 
(anti-) ghost fields (C'^)Cp within the framework of BRST formalism (see. Sec. 3). 
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are associated with the BRST and superfield formulation of the topologically 
massive Abehan model which is under consideration in our present endeavor. 

3. On-shell nilpotent (anti-) BRST invariant Lagrangian density 
and comments on the covariant canonical quantization 

To answer the above raised issues, we begin with a generalized version of 
Lagrangian density Cq which incorporates the gauge-fixing terms (in the 
Feynman gauge) and Faddeev-Popov ghost terms as [26] 

- ^{d'^B,, - 9,0)2 -l{d-C){d-C)-z d,C d^C 

- {d,c,-d,c,){d^^c'') + d^Bd^'(^, (12) 

where the fermionic (anti-) ghost fields (C',)C, with {Cf^ = = 0, Cfj^Cy + 
C^C^ = 0, C^Ci, + CyC^ = 0, etc.) are the generalization of the gauge 
parameter A, and the bosonic (anti-) ghost fields (/3)/3 are the generalization 
of the gauge parameter 'cu' (that was present in the symmetry transformation 
A, — )■ A/j^ + dfj^u). In exactly similar fashion, the gauge parameter A has been 
replaced by the fermionic (C^ = C"^ = 0, CC + CC = 0) (anti-) ghost fields 
{C)C. It is self-evident that {C^)C^ and {C)C have ghost number equal to 
(— 1) + 1 and (/3)/3 have ghost number (—2) + 2, respectively. 

The gauge-fixing term {d^By^) for the 2-form gauge field has its origin 
in the co-exterior derivative 5 = — * d * where * is the Hodge duality 
operation on the 4D spacetime manifold. It can be readily checked that: 
(5,0(2) = d*B^'^^ = [d'^B^^) dx^ (i.e. a 1-form). There is a room, however, 
for adding/subtracting a 1-form to this. This can be constructed with a 
massless (□</) = 0) scalar field (0) by exploiting an exterior derivative (i.e. 

(see, e.g. [17] for details). This has been done in the above 
with a minus sign for algebraic convenience. It serves the purpose of stage- 
one reducibility in the theory (which was not incorporated iiJl [26]). The 
gauge-fixing terms for 1-form (anti-) ghost fields {Cfj_)C^ as well as Abelian 
f/(l) gauge field have been taken into account in Cf, by incorporating 
(— I (d ■ C){d ■ C)) and (— | ((9- A)^) terms, respectively. These (with ghost 
number zero), too, owe their origin to the co-exterior derivative 6 = — * d*. 

The above Lagrangian density Cb respects the following nilpotent 5^^^^ = 
(anti-) BRST symmetries {s(^a)b) on the on-shell (□/? = 0, Ofi = 0, DC, — 

^It is precisely because of this reason that the BRST transformations, quoted in [26], 
are not on-shell nilpotent of order two. 
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ld^{d • C) = 0, DC^ - • C) = 0, □0 = 0). The explicit form of these 

transformations (as operators on the fields) are 

SbAf, = df,C, SbC = - i {d ■ A), SbB^^ = {d^C^ - d^C,,), 



SbP^ + ^{d-C), hC = 0, Sb/3 = 0, 



(13) 



SabC^, = d^^, SabCf, = - {d^B^f, - 9^0), = - 1 (a • (7), 



SabP 



(d-C), SabC = Q, SabP = 0. 



(14) 



In fact, it can be checked that the Lagrangian density Cb transforms (to the 
total spacetime derivatives) under the above transformations as 



d„ 



(a^c"^ _ d'^c^WB,, - d,(i>) + - {d^B^'^ - d''(j>){d ■ c) 



+ {d-A) d^C {d-C)d''j3-m e^"'"'' C^{dr^A, 



(15) 



Sab^b — 



d,. 



^d^^C" - d''Ci'){d^B,, - d,(t>) + - {d^B^'' - d''<t>){d ■ C) 



+ {d-A) a^C + -{d-C)d^'^-m e^'^'"' C^{d^A^) 



(16) 



As a consequence, the action S — J d'^x Cb remains invariant under the 
nilpotent symmetry transformations S(^a)b- 

We close this section with the following remarks. First, using the Noether's 
theorem, one can compute the (anti-) BRST charges Q{a)b which turn out to 
be conserved and nilpotent. Second, the physicality criteria Q(a)h\ phys >= 
lead to the annihilation of the physical states | phys > by the operator form of 
the first-class constraints (4) and (5). Third, the analogue of the gauge trans- 
formations (2) and residual gauge transformations {Si^A^^ — d/j^uj =^ SbC/j, — 
d^P, SabCii = d^f3) are generated by the nilpotent and conserved charges 
Q(a)b- Fourth, it can be checked that each basic field of the theory has its 
corresponding canonical momentum. As a consequence, one can perform the 
covariant canonical quantization of the theory in a straightforward manner. 
Finally, despite the above cited good features, it can be checked that the 
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above symmetry transformations do not satisfy one of the key decisive re- 
quirements of the (anti-) BRST symmetry transformations (connected with 
a gauge transformation) because the following is not true, namely; 

ih Sab + Safe %) * = A^, C, C, B^,, C^, (7^, /3, ^, (f), (17) 

for the generic field of the theory. For instance, it can be explicitly checked 
that we have the following relationships, namely; 

{h Sab + Sab Sb) = - nCf, ^ 0, 

ih ~sab + ~sab h) = + nc^ ^ 0. (18) 

Thus, the nilpotent symmetry transformations S(a)f, do not fulfill one of the 
central criteria of the BRST formalism. To obtain the off-shell nilpotent and 
absolutely anticommuting (anti-) BRST symmetry transformations, we shall 
take recourse to the superfield formalism in the next section. 

4. Off-shell nilpotent and absolutely anticommuting (anti-) BRST 
symmetry transformations: superfield formalism 

It is clear, from our earher discussions, that the celebrated 4D topological 
term (i.e. (m/4)£^^'''^S^,^F^«;) is a gauge (and, therefore, (anti-) BRST) in- 
variant quantity. As a consequence, for all practical purposes, the Lagrangian 
density Cq can be treated as the sum of the free Abelian 1-form and 2-form 
gauge theories (whose nilpotent symmetries we are going to discuss below). 

The off-shell nilpotent and absolutely anticommuting (anti-) BRST sym- 
metry transformations can be derived by exploiting the standard techniques 
of the superfield formalism (see, e.g. [30,31] and [36-38] for details). For this 
paper to be self-contained, we provide firstly a very concise description of the 
superfield formalism, applied to the case of Abelian 1-form gauge theory [36- 
38] (later on, we shall provide the superfield description of 2-form theory). In 
this context, it is worthwhile to point out that the curvature tensor F^y, ow- 
ing its origin to the exterior derivative d (i.e. dA^^'^ = {l/2\){dx'^ A dx'^)F^y)^ 
remains invariant under the (anti-) BRST symmetry transformations. This 
observation remains intact as we proceed ahead from the ordinary 4D field 
theory to the superfield formalism on the (4, 2)-dimensional supermanifold. 
Thus, first of all, we generalize (in our superfield formalism) the exterior 
derivative d to its counterpart on the (4, 2) -dimensional supermanifold as 

d — >d ^ dZ^du = dx^ + de de + de d§, (19) 

where Z'^ = {x^,9,9), Om = {dn,de,dg) are the superspace variables and 
corresponding partial derivatives on the (4, 2) -dimensional supermanifold. 
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Here the bosonic spacetime variables x^{iJ, — 0, 1, 2, 3) and a pair of Grass- 
mannian variables 6 and 6 (with 0^ — 9^ = 0, 99 + 99 = 0) parametrize the 
above supermanifold. After this, we generalize the basic fields (A^, C, (7), de- 
fined on the 4D ordinary spacetime Minkowski manifold, to the correspond- 
ing superfields (defined on the (4, 2)-dimensional supermanifold) with the 
following expansions along the Grassmannian directions (see, e.g. [30-39]) 

B^ix,9,9) = A^{x) + 9 R^{x) + 9 R^{x)+t9 9 S^ix), 
J^{x,9,9) = C{x)+i9bi{x)+i9b2{x)+i9 9 s{x), 
^{x,9,9) = C{x)+i9b2{x)+i9h{x)+i9 9s{x), (20) 

where, on the r.h.s., the fields (i?^,^^,s,s) and (5*^, 6i, ^2) are the 
fermionic and bosonic secondary fields, respectively. These fields can be 
expressed in terms of the basic and auxiliary fields of the theory when we 
exploit the potential of the horizontality condition (HC). 

The celebrated HC requires that the 2-form super-curvature should be 
equated with the ordinary 2-form curvature as follows 

(ii(i) = dA« ^ F^,{x,9,9) = F^,{x), (21) 

where the super 1-form connection A^-^^ is defined, in terms of multiplet 
superfields {B^{x, 9, 9),J-'{x, 9, 9),^{x, 9, 9)), as given below 

= dZ^AM = dx^ B^{x, 9, 9) + d9 F{x, 9, 9) + d9 J'(x, 9, 9). (22) 

Furthermore, the HC (cf. (21)) also implies that the super-curvature tensor 
Fij_^{x, 9, 9) is restricted to be equal to the ordinary curvature tensor F^,j{x). 
The above restriction (i.e. HC) yields the following relationships [39] 

62 = 62 = 0, s = s = 0, 61 + 61 = 0, 

R^ = d^C, R^ = d,C, S^ = d^B, (23) 

where we have chosen the secondary fields bi and bi in terms of the Nakanishi- 
Lautrup auxiliary field B {i.e. bi = B = — bi). The latter is required to 
linearize the gauge-fixing term (i.e. B(d ■ A) + (1/2)5^ = — (l/2)((9 ■ A)^) in 
the ordinary (anti-) BRST invariant Lagrangian density (see, Sec. 5 below). 
Substitution of these fields in the superfield expansions yields the following 

Bll'\x,9,9) = A^{x)+9{d^C{x))+9{d^C{x))+t9 9{d^B{x)) 

= A^{x) + 9 (sabA^ix)) + 9 {sbAi,{x)) + 9 9 (s;,s„6A^(x)), 

F^^\x,9,9) = C{x)-i9B{x) = C{x) + 9 {sabC{x)), 

P^\x,9,9) = C{x)+i9 B{x) = C{x) + 9 {sbC{x)), (24) 
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where the superscript {h) stands for the superfield expansion after the apph- 
cation of the HC and we have denoted the off-shell nilpotent and absolutely 
anticommuting (anti-) BRST symmetry transformations as S(a)(EI- 

In exactly above fashion, we can now generalize the basic fields Bfj_u, C^, (7^, 
4>, /3, /3 of the ordinary 4D Abelian 2-form gauge theory onto the (4, 2)- 
dimensional supermanifold and these superfields would have the expansions 
along the Grassmannian directions as (see, [27] for details) 

B^,{x, 9, 6) = B,,,{x) + e R^,{x) + dR^,{x) + idd S,,,{x), 

T,{x,e,e) = c^{x) + eB^^\x) + eB^^\x) + iee if\x), 

F,{x,e,e) = C,{x) + 9B^^\x) + 9B^^\x) + t9 9f^^\x), 

/3{x,9,9) = (3{x) + 9 fi{x)+9 fi{x)+i9 9bi{x), 

^{x,9,9) = l3{x) + 9 f2{x)+9 f2{x)+i9 9h2{x), 

^{x,9,9) = ct){x) + 9Ux) + 9 h{x)+i99h{x), (25) 

where (i?;.., i?^., /i, /i, /a, /2, /s, /s, \ ) and (5^„ i?f , 

^1)^2, ^s) are the fermionic and bosonic set of secondary fields, respectively. 
In terms of the above superfields, the super 2-form connection on the (4, 
2) -dimensional supermanifold can be written as (see, e.g. [27]) 

5(2) = ^^ {dx^ Adx'')B^^{x,9,9) + {dx^" Ad9) ^^{x,9,9) 

+ {dx^" Ad9) T^,{x,9,9) + {d9 Ad9) I3{x,9,9) 

+ id9 Ad9) (3{x,9,9) + {d9 Ad9) ^{x,9,9). (26) 

The celebrated HC for this system can be expressed as 

rf5(2) = =^ H^,^{x,9,9) = H^,r,{x). (27) 

In other words, the HC is a restriction such that the super-curvature tensor 
Hfj,ur]{x,9,9) is, ultimately, independent of the Grassmannian variables so 
that Hfj,„ri{x,9,9) = if^,y^(x). The above condition leads to the following 
relationships amongst the basic, secondary and auxiliary fields [27] 

h=b2=h=0, /l=0, /2 = 0, /l + /3 = 0, /2 + /3 = 0, 

4'^ + + d^<P = 0, = - d^(3, = - d^(3, 

if^ = i df,f3 = - i dji, ff^ = - i df^fs = + i 9^/2, 

S^u = - I (d^B, - d,B^) = - I {d^B, - d,B^). (28) 

^In explicit terms, it can be seen that we have derived: s&A^ = 9^C, SbC = 0, stC = 
iB, SbB = and Sab^^ = df_,C, SabC = 0, SabC = -iB, SabB = 0. 
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We can make the following choices for the algebraic convenience: 

fs = P{x) = -f2{x), 5W = B,, 

h = X{x) = = -B^, (29) 

which lead to the derivation of a Curci-Ferrari (CF)-type restriction, in the 
realm of the Abehan 2-form gauge theory, as: 

^i'^ + 5f +d^ct> = Q ^ B^-B^- d,^ - 0. (30) 

The above condition is responsible for the absolute anticommutativity of the 
(anti-) BRST symmetry transformations as we elaborate below. 

After the substitution of the expressions for the secondary fields, the 
explicit expansions for the superfields are 

BfXx,o,e) = B,,{x)-e{d,c,-d,c^)-e{d^c,-d,c^) 
+ e e {d^B, - d,B^) 

= B^^{x) + e {Sab B^^{x)) + e (Sft B^^{x)) 

+ 9 9{sb Sab B^u{x)), 

Tf\x,e,e) = c^{x) + e B^{x)-ed^^-e9d^x 

= C^{x) + 9isabC^{x)) + e{s,C^{x)) 

+ ee {sbSabCf,{x)), 
Tf\x,e,e) = c,{x)-ed,~p-eB,{x) + eed,p 

= C^{X) + 9 {Sab C^{x)) + 9 {s, C^{x)) 

+ 9 9 {SbSabC^^ix)), 

<^^^\x,9,9) = (l){x) + 9 p{x)+9 \{x) 

= (t>{x) + 9 {sab 4>{x)) + 9 {sb 4>{x)), 

/3^''\x,9,9) = /3{x)-9X{x) = /3{x) + 9{sab/3{x)): 

P^'^\x,9,9) = P{x)-9p{x)=P{x) + 9{s,P{x)), (31) 

where the superscript {h) denotes the supcrfield expansion after the appli- 
cation of HC. The above expansions yield the following off-shell nilpotent 
(anti-) BRST symmetry transformations for the relevant fields of the theory 

SbB^iu = — {dfj,Cy — duCfj,), SbCfj, = — d^(3, s^C^ = — B^, 

SbP = - P, Sb(p = A, Sb[p, A, /3, S^, Hf,^^] = 0, (32) 

SabB^u = ~ {dfj^Ci, — dyCfj), SabCfi = ~ f^^/^, SabCjx = + B^, 
SabP = - A, Sab(t) = P, Sb[p, A, Bf,, H^^r,] = 0. (33) 
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The absolute anticommutativity requirement imposes the (anti-) BRST sym- 
metry transformations on the Nakanishi-Lautrup type auxihary fields as: 

SbBi_t = -d^\ SahB^ = df^p. (34) 

Thus, we have obtained the complete set of (anti-) BRST symmetry transfor- 
mations in the equations (32), (33) and (34) which are off-shell nilpotcnt of 
order two and they are absolutely anticommuting in nature as can be checked 
from the following explicit example: 

Sab} B^, = d^{B, - B,) - d,{B^ - B^) = 0. (35) 

The r.h.s. of the above equation is zero on the constrained surface defined 
by the equation (30) (which is nothing but the CF-type restriction) . For the 
rest of the fields of the theory, it can be checked that {s^, Sah}'^ = for ^ 
being the generic field (except B^^, that has been considered in (35)). 

5. Nilpotent symmetry invariance: Lagrangian formalism 

We begin with the BRST and anti-BRST invariant coupled Lagrangian den- 
sities, corresponding to the starting Lagrangian density (1), as 

Cb = -\F^^''F^, + ^H^-m^,^-^-^me^''^^B^,F^, + B{d-A) 

+ 1 52 ^ Bi^{d^B,^ -d^<P) + B-B-i d^C di'C + d^~^ d^f3 

+ {d^C,-d,C^) {d^C'') + {d-C-X)p+{d-C + p)X, (36) 

Cb = -^F^^''F^, + ^H^''^H,,, + ^me^''^''B^,F^, + B{d-A) 

+ \b^ + B^id^B,^ + d^<P) + B-B-i d^C d^C + d^^ d^P 

+ {d^C,-d,C^){d^'C'') + {d-C-X)p+{d-C + p)X, (37) 

where the scalar field B and vector fields (i?^, i?^) arc the Nakanishi-Lautrup 
type auxiliary fields, the scalar {C, C) and vector (C^, C^) fields are the 
fcrmionic (anti-) ghost fields, (/3, (3) are the bosonic ghost for ghost fields, 
(p)A are the fermionic auxihary (anti-) ghost fields and the massless (D^ = 0) 
scalar field is required in the gauge- fixing term for the stage-one reducibility 
(that is present in the second-rank antisymmetric tensor gauge theory) . 
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The Lagrangian density (Cb) respects the following off-shell nilpotent 
(si = 0) BRST symmetrju transformations (sb) [27] 

SbAf, = d^C, SbC = iB, SbB^^ = {d^C^ - d^C^), 

SbC^, = d^(3, SbC^, = B^, Sb(t) = -A, Sb/3 = p, 

Sb[C, B, p, A, /3, B^, H^,^] = 0, (38) 

because the above Lagrangian density transforms to a total spacetime deriva- 
tive as given below: 

SbCs = \b d^'C + pd''f3 + XB^ + {d^'C - d^'C^') B^ 

+ m e^^'^'^a . (39) 

As a consequence, the action Si^b) = J d'^x Cb remains invariant under the 
off-shell nilpotent BRST symmetry transformations (sb)- 

The Noether conserved current {JI'b))^ that emerges due to the continuous 
BRST symmetry transformations (sb), is 

+ pd^P-me''''^^C,{dr,A^). (40) 

The conservation law {d^J'^^^ = 0) can be proven by exploiting the following 
equations of motion that emerge from Cb'- 

Q^U,^yv + i^Q^B"^ - d'^B'') - ^ m e^^^^F^^ = 0, {d ■ B) = 0, 



B^ = -i {d'^B,, - d,<P), d,F^^ = d^B-^m e''^^^ {d,B^,), 
□/3 = 0, 0^ = 0, □C = 0, 0^ = 0, B = -{d-A), 
□0 = 0, X = + ^(d-C), p = -^{d-C), 

nc, = d,X = ^ d^{d ■ C), nc^ = -d,p = ^ d,{d ■ C). (41) 



^These transformations and (43) (see below) have been obtained (cf. (32), (33)) by 
exploiting the superfield approach to BRST formalism in the context of Abelian 2-form 
gauge theory in our previous section (see, [27] for details). We take here an overall minus 
sign so that we could be consistent with the transformations in Sees. 2 and 3 for the sake 
of precise comparison (at least, for the gauge and (anti-) BRST transformations on Bf^^). 
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The conserved BRST charge Qb, corresponding to J^'^^ would be given by 
Qb = J <^(!b)5 "whose exphcit form is: 

Q(B) = j d^x BC-BC + IT^ {diCj - djd) + (d^C' - d'C^)B, 

- {d^& -d'C^){d,P)+pP + \B^ + me,juC,{d,Ak)\. (42) 

It can be checked that it is a conserved {Q{b) = 0) and nilpotent (<5(^) = 0). 
A close look at Q{b) ensures that it is a generalization of the expressions in 
(7) and (9) (cf. Sec. 2) for Q(gt) and G, respectively. 

The Lagrangian density respects the following off-shell nilpotent (s^^ = 
0) anti-BRST symmetry transformations {Sab) 

Sab-^H = d^C, SabC = —iB, SabB^y = {O^Cu — 0^0^), 
SabC^ = df,f3, SabCf, = -B^, Sab4> = "P, SabP = A, 

Sab[C, B, p, X, 13, B^, H^,^]=0, (43) 
because the above transforms to a total spacetime derivativ^ 
SabCs = \b d^'C- pB^' + X d^P + {d^'C" - d^C^") B^ 

+ me^''^^C,{dr,A^)j. (44) 

As a result, the action (>S'(^) = J d^x C^) remains invariant. It should be 
noted that Cb and are equivalent due to B^ — B^ — d^cf) = 0. 

The symmetry invariance under the continuous nilpotent transformations 
Sab implies a Noether's conserved current as given by 

J(^) = {d'^C-' - d-'Cn B, + ^m e^'^'^By, (d^C) + H^^'^dMn) 

+ B d^'C - F^^idyC) + (S'^C" - d^'C^) (dj) -pB" 

+ Xd''l3-mef"''^''C,{d^A^). (45) 

The conservation law {d^J^^^ = 0) can be proven by taking into account the 
equations of motion from that are same as (41) except the following: 

1 
2 



B^ = -- {d'^By^ + d,^), (9 ■ 5) = ^ = 0, 



d^H""" + {d^B"^ - d'^B") - i m e'^^'^^F^c = 0. (46) 



^Under the BRST symmetry transformations Sb (with s^B^ — ), the Lagrangian 
density Cg transforms to a total spacetime derivative plus a term that is zero on the 
constrained surface defined by B^^B^^ — 9^0. Exactly, in a similar fashion, Cb transforms 
under Sab (with SabB^^ = —d^p) to a total spacetime derivative plus a term that is zero on 
the constrained surface defined by field equation B^ — B^ = d^cj). 
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The corresponding anti-BRST charge (Q^b) = J J'(b)) 

g^^) = J d^x Bd-BC + IT^ {diCj - djCi) + {d^C' - d'C^)Bi 

+ {d^C'-d'C'){d,^)-pBo + X^ + me,,kC,{d,Ak)]. (47) 

The above charge is also a conserved (Q(b) = 0) and nilpotcnt (Q^^^ = 0). 
Like (5(B), the anti-BRST charge Q(^) is also generalization of (7) and (9). 

It is worth noting that the equations of motion (41) and (46) imply that 
the relationship in equation (30) (that corresponds to CF condition) is true. 
In fact, this constrained field equation defines a surface on the 4D-spacetime 
manifold where the absolute anticommutativity of the (anti-) BRST symme- 
tries is satisfied. This relationship has also been shown to be connected with 
the geometrical object called gerbs which are one of the very active areas of 
research in theoretical high energy physics [40,41]. Now we dwell a bit on 
the conditions that emerge from the physicality criteria Q(^b)b\ phys > = 0. 
It can be seen that the conserved and nilpotent BRST charge produces 

(5(B) I phys > = =^ 11(^)1 phys > = =^ B\ phys > = 0, 

9in*(^)| phys > = =^ B\ phys > = 0, 

njij)! phys > = ^ B'\ phys > = 0, 

dilV^^^^l phys > ^ ^ diH^'^\phys> = 0. (48) 

The same conditions also emerge from the anti-BRST charge (5(b) | phys > 
— 0. The above condition (48) ensure that the BRST quantization method 
is consistent with the requirements of the Dirac's method of quantization of 
systems with constraints. Thus, the BRST quantization scheme resolves all 
the unanswered issues that were raised at the fag end of Sec. 2. 

6. (Anti-) BRST invariance: superfield formalism 

It is interesting to point out that the coupled Lagrangian densities (36) and 
(37) can be expressed (modulo some total spacetime derivatives) as 

JCb = -\F'^''F^, + ^H'^''m,,r, + \me'^''''^B,,Fr,^ 

+ St, Sab 11 A^A^ + ^CC- ^ B^.B^'' + C^C^' + 2/3/3 , (49) 



Cb = -^F^^F^^ + ^H'^^^H.^. + ^ms'^^^^B^^F,, 
i . ... 1 „^ 1 



Sab Sb 



A^A^ + -CC- - B^^B^^ + C^C^ + 2pp\ , (50) 
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where we have to exploit the (anti-) BRST transformations quoted in (43) and 
(38). Furthermore, we have to tap the usefulness of the CF-type restriction 
(that is written in (30)) so that Cb and can be expressed in the particular 
forms that are quoted in equations (36) and (37). 

It is evident from the super expansion (24) and (31) that the (anti-) BRST 
symmetry transformations for a 4D ordinary field can be expressed in terms 
of the translations of the corresponding superfield along the Grassmannian 
directions of the (4, 2)-dimensional supermanifold, a^ 

s,n{x) = lim fiW(x,^,^), sM{x) = lim — f]W(x,^^,^), (51) 

where Vl{x) is the generic 4D field and ^l^'^\x,9,9) is the corresponding su- 
perfield. Furthermore, it is also clear from expansions (24) and (31) that 

Hn<^.(,.,.,-) + ||n<'-)(..».»)=0. (52) 

which corresponds to the anticommutativity of the (anti-) BRST symmetry 
transformations in the operator form (cf. (17)). The above expressions pro- 
vide the geometrical interpretations for the (anti-) BRST symmetry transfor- 
mations (and their corresponding generators) in the language of the trans- 
lational generators {dg, dg) (with (9g = 9| = 0, dodg + dgdg = 0) along the 
Grassmannian directions of the (4, 2)-dimensional supermanifold. 
We have to recall that the HCs of (21) and (27) imply that 

fW(x,^,^) = d,Bi^\x,e,e)-d,Bl^\x,e,e) = f,,{x), (53) 



Hill{x,e,e) = d,Bi!i{x,e,e) + d,Bi;;}{x,e,e) + dr,Bl!:){x,e,e) 

= H^^r,{x), (54) 

where fIiu\x, 9,9) and hIuI{x,9,9) are the super-curvature tensors after 
the application of the HC. The above conditions (53) and (54) show that 
F^{x, 9, 9) and Hj{l)r]{x, 9, 9) are basically independent of the Grassmannian 
variables which can be proven by taking into account (24) and (31). Thus, 
the kinetic term of the Lagrangian densities (49) and (50) can be written in 
terms of the superfields (after the application of HC) as: 

- ^ F'^^W(x, 9, 9) fW(x, 9, 9) + 1 iJ'^^''W(x, 9, 9) i^^ ^. (55) 

^It should be noted that there is an overah sign difference between the transformations 
((32), (33)) and ((38), (43)). Thus, the mapping quoted below (cf. (51)) is correct modulo 
the sign factor in the context of (anti-) BRST symmetries for the Abelian 2-form theory. 
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which are actually independent of Grassmannian variables. Thus, without 
the inclusion of the topological [T(x) = {B A F){x)~\ term, we can express 
the rest part of the Lagrangian densities (49) and (50), in the language of 
superfields (obtained after the application of HC), as 



1 ~, 



d d [i 



r„ — frW plJ-y{h) , fjih) TTHuri(h) _|_ _ _ 



2 ^ 



2 4 



(56) 



B 



1 p{h) P^lv(h) , }_ fT(h) jT^iuvih) _ _^ _^ 

4 '^^ 12 89 89 



L2 ^ 



+ 



(h) -c[h) 



j^ih) j^Mh) + pJ^)jrKh) + 2 /J^'^) ^g^'^)] , (57) 



where Cb and £5 are the super Lagrangian densities defined on the (4, 2)- 
dimensional supermanifold (without the topological term). It is elementary 
now to note that the above super Lagrangian densities satisfy 



lim ^ Cb 

e^o 89 

lim ^ Cb 

e->o 89 



8 ~ 

0, hm — Cb = 0, 

9^0 89 

8 - 
9^0 89 



(5^ 



which capture the (anti-) BRST invariance of the Lagrangian densities (49) 
and (50) (without T{x) term) in the physical four dimensions of spacetime. 

Now we focus on the (anti-) BRST invariance of the topological [T(x) = 
{BAF){x)~\ term of the 4D Lagrangian densities (49) and (50). The superfield 
generalization of this term is given below: 



T{x) f{x,9, 



-me'^^'^''Bl'J{x,9,9):Fi'^\x,9,9). 



(59) 



It is clear from the HC for the 1-form gauge theory (cf. (21)) that Fj^'l} {x, 9 



X] 



Thus, the above topological term can be expressed in terms of su- 



perfields (after the application of HC) ap^"' 
1 



T{x,9, 



m e 



B,,{x) + 9 {8,C, - 8,C,) + 9 {8,C, - 8,C, 



+ 9 9{8^B,-8,B,) F,^{x). 



(60) 
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Note that we have taken here the positive signs in the expansion of Bjj^J{x, 0, 9) to be 
consistent with our transformations in (38) and (43). 



18 



The BRST, anti-BRST and combined (anti-) ERST invariance of the above 
term can be expressed, in the language of the superfield formahsm, as 

d, [me^^'^^C,d,A,] =s, {T{x)), 

[m e'^'^^-B, dr,A,] = s, s^t {T{x)). (61) 

The above equations imply that the topological term transforms to the total 
spacetime derivatives under BRST, anti-BRST and combined (anti-) BRST 
symmetry transformations. As a consequence, the action remains invariant 
under the nilpotent (anti-) BRST symmetry transformations. 

It is worthwhile to point out that the topological term is somewhat dif- 
ferent from the rest of the terms of the Lagrangian densities (36) and (37) 
because it always transforms to a total spacetime derivative under the gauge 
and (anti-) BRST symmetry transformations. This is what is reflected in (61) 
within the framework of geometrical superfield formalism. It is clear from 
equation (58) that the super Lagrangian densities (without the topological 
term) are such that their translations along the Grassmannian directions lead 
to zero result. The super-topological term (60), however, behaves in a dis- 
tinct manner because its translation along the Grassmannian directions (i.e. 

6, 6 and 99) lead always to a total spacetime derivative term (cf. (61)). 

7. Conclusions 

We have performed the BRST quantization of the 4D topological massive 
Abelian U{1) gauge model (in the presence of the celebrated B A F term). 
Our (anti-) BRST symmetry transformations (38) and (43) respect a couple 
of basic requirements of the BRST formalism because they satisfy 

(i) the off-shell nilpotency of order two (s^^-j^ = 0), and 

(ii) the absolute anticommutativity property {shSab + SabSb — 0) on the 
constrained surface defined by the field equation (30). 

It is the superfield formalism, proposed in [30-39], that has been able to 
help us in achieving the above type of (anti-) BRST symmetry transforma- 
tions that obey the basic requirements of the BRST formalism. 

One of the key results of our present investigation is the derivation of the 
CF-type restriction (in the context of the topologically massive Abelian U{1) 
gauge theory) which enables us to obtain the absolute anticommutativity of 
the (anti-) BRST symmetry transformations. It should be recalled that, for 
the first time, the CF condition [25] appeared in the BRST description of the 



lim fix, 9, 9) 

lim -^f{x,9,9) 

0^0 o9 



d_ d_ 

m 89 



fix, 9, 9) 
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non-Abelian 1-form gauge theory. In our earlier works [40,41], a deep con- 
nection between the CF-type restrictions and the geometrical objects, called 
gerbes, has been established. In fact, the existence of the CF-type restric- 
tion is an inevitable consequence when we exploit the superfield formalism 
of [30,31] in the context of higher p-form [p > 2) gauge theories. 

The distinguishing feature of the topological term (i.e. T — B A F) be- 
comes quite transparent in the framework of superfield formalism. In this 
connection, mention should be made that the operation of the Grassman- 
nian derivatives on the super-topological expression (59) always yields a to- 
tal spacetime derivative term. These expressions, in turn, imply the (anti-) 
BRST invariance of the topological term in 4D. This is not the case, however, 
with the rest of the terms of the Lagrangian density in 4D (or its counter- 
part in (4, 2)-dimensional supermanifold) where the (anti-) BRST invariance 
ensues because of the (anti-) BRST transformations on all the terms. 

The central objective of our present investigation has been to take a 
modest step in the direction to obtain the off-shell nilpotent and absolutely 
anticommuting (anti-) BRST symmetry transformations for the topologi- 
cally massive version of the 4D non-Abelian gauge theory. Many attempts 
[8,28,29], in this direction, have already been made. The existence of the CF- 
type condition and the coupled Lagrangian densities have not been deduced, 
however, in the above attempts. Our future endeavor [42] would be to obtain 
the above mentioned decisive features (in the context of non-Abelian version 
of our present model) by exploiting the superfield formalism proposed by 
Bonora, etal. [30,31] to obtain the proper (anti-) BRST symmetries. 
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